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A method is presented for the construction of transient responses in the 
vapor heating of metallic components of a power unit on starting. An 
analytical relationship is derived to relate overregulation in a system 
to the period between the separate instants at which the rates of tem- 
perature rise in the metal are measured. 

To avoid in to lerable  the rmal  s t r e s s e s  in the vapor 
heating of meta l  components of complex configurat ion 
in a power unit  (a boi ler ,  a turbine)  protected by insu-  
lation, the ra te  of the t empera tu re  r i s e  in the meta l  
mus t  be regulated at a number  of points.  Since the 
t ime for the heating of the components,  as a rule ,  
mus t  be kept to a min imum,  automatic devices a re  
cal led upon to ma in ta in  the max imum p e r m i s s i b l e  ra te  
of t empera tu re  r i se .  This ra te  se rves  as the decis ive  
pa rame te r  in the automatic control  of the m e t a l - h e a t -  
ing process .  

The t empera tu re  r i se  at selected points is mon i -  
tored per iodica l ly  and e lements  of lag therefore  nec -  
e s sa r i l y  appear in the au tomat ic -con t ro l  sys tem.  How- 
ever,  the exis tence of one or more  e lements  exhibiting 
lag in an automatic sys tem,  as is well known, r e su l t s  
in a t r anscenden ta l  equation for the control  system~ 
Est imates  of the over regula t ion  make it  possible  to 
c lar i fy  the extent  to which bas ic  cha rac te r i s t i c s  of 
individual  e lements  of the control  sys tem,  including 
the delay e lements ,  have been proper ly  selected.  

As is well known, meta l  heating may be descr ibed  
by di f ferent ia l  equations compiled on the bas is  of a 
heat balance,  and these a re  of the form 

dT,~, 
YmVmcm dt 

~q 
= av.m F . . . .  (Tv--Tm)---~- i  Ym.i (Tm--Ti), (1) 

'~i Vis dTi - -  

dt 

= i 8  - F m ' i ( T m - T i ) - - a i ' a F i ' a ( T i  --Ta)" (2) 

Equations (1) and (2) have been wr i t ten  in analogy 
with the di f ferent ia l  equations of Campbell ,  cited in 
[1]. Campbell notes that in a number  of cases  we can 
adopt an e lementa ry  approach to the problem of dy- 
namics ,  involving the assumpt ion  that the ra te  of the 
t empera tu re  r i s e  in the body is proport ional  to the 
total quantity of heat t r ansmi t t ed  to the body by con- 
vection, conduction, and radiat ion:  

dT 
pcp V--d-f = H . . . .  + Hcond + Hrad" 

This nonl inear  equation in cer ta in  cases is easi ly  
l inear ized .  For  example,  in the case of heat t r ans fe r  
by heat conduction the rate  of change in the average 
t empera tu re  T for the volume of a ma te r i a l  is defined 
f rom the different ia l  equation 

dT 
c - ~ -  = O(T.av-- r). 

As demonst ra ted  in our r e sea rch ,  the Campbell  
equations a re  more  convenient  for the prac t ica l  ca lcu-  
lat ions of the sys tems  being analyzed than is  an equa-  
t ion of the form 

OT 02T 
c ~ --Or- = ;~ O x - - ~  

having the corresponding boundary conditions.  
Having solved Eqs. (1) and (2) according to Laplace, 

we find that  

k 
[ %,mFv,mTv (/7) + TIn(P) Tp + 1 ( 

+ ~ Fro, ~ [T~ (p) - -  Tm (p)] + 

Ai 
~i~ . i  [rm (P)- ri (p)] 

r.(z~ 

Fig. 1. Control sys tem of control led object. 
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+ VmVmCmTm (O)j , (3 )  

~i 
Yi (P) y iV ic ip  = ~ - i  Fm i [Tin (P) - -T i  (P)] + 

-~- a i ,  a F i ,  a [Ta ( P ) -  TI.(P)] + 

AI-~i ViciTi (0). (4) 

Using e x p r e s s i o n s  (3) and (4), we cons t ruc t  a con-  
t ro l  s y s t e m  for  the cont ro l led  object  (Fig.  1). 
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Fig.  2. Compar i son  of e l ec t romode l ing  cu rves ;  
1) t ime  va r ia t ion  in t e m p e r a t u r e  of m e t a l  on 
heat ing (~ 2) t ime  va r i a t i on  of t e m -  
p e r a t u r e  growth r a t e  (~  (dashed l ine,  

a s sumpt ions  Ti(0) = 0 and Ta(0 ) = 0). 

The model ing  of this  c i r cu i t  on an MN-7 e l ec t ron ic  
analog compute r  demons t r a t ed  that  the spec i f ied  va lues  
of the in i t ia l  insula t ion t e m p e r a t u r e  Ti(0 ) and the 
ambient  t e m p e r a t u r e  Ta(0 ) have but  a s l ight  effect  on 
the na ture  of the p r o c e s s  involved in the heat ing of the 
meta l .  Indeed, c o m p a r i s o n  of the e l ec t ron ic  s i m u l a -  
tion cu rves  (Fig.  2) shows that  the m a x i m u m  e r r o r  
r e su l t i ng  f rom neglec t  of these  t e r m s  does not exceed 
2%. This made  it pos s ib l e  to s impl i fy  the cont ro l  c i r -  
cuit  of the object ,  thus fac i l i t a t ing  the ana lys i s  of the 
opera t ion  for  the en t i r e  s y s t e m  of h e a t i n g - r a t e  control .  

The assumpt ions  Ti(0 ) = 0 and Ta(0 ) = 0 in the 
L a p l a c e - t r a n s f o r m  d i f fe ren t i a l  equations of the objec t  
make  i t  pos s ib l e  to d e r i v e  a t r a n s f e r  function conven-  
ient  for  p r a c t i c a l  ca lcu la t ions .  

"The cont ro l  s y s t e m  for  the h e a t i n g - r a t e  cont ro l  of 
the me ta l  is  shown in Fig= 3 where  the con t ro l led  
objec t  has been a r b i t r a r i l y  d ivided into two pa r t s .  The 
input quanti ty for  the I - s t  p a r t  of the object  i s  the 
vapor  flow ra t e  G, while the output quanti ty is  the 
vapor  t e m p e r a t u r e  T v. The l a t t e r  s e r v e s  as the input 
quanti ty for  the II-nd pa r t  of the objec t  at  whose out-  
put the r a t e  of change in the me ta l  t e m p e r a t u r e  is  
m e a s u r e d :  V = dTm/d t .  

The c i r c u i t  includes a link in which the re  is  de lay  
and th is ,  as  indica ted  e a r l i e r ,  is  brought  about by the 

m e a s u r e m e n t  of the quanti ty V at  d i s c r e t e  i n t e rva l s  of 
t ime  which a r e  functions of the des ign  of the scanning 
device .  

The following equations can be s e t  up for  the indi -  
v idual  l inks of the sy s t e m:  

1) the r e l a y  e lement  

{kO when x >  O, 
v = (5) when x ~ 0 

2) the e l e c t r i c  m o t o r  

dg 
T, ~ = y; (6) 

3) the regu la t ing  valve  

G = k~g; (7) 

4) the I - s t  pa r t  of the objec t  

Tv = kG; (8) 

5) the I I -nd pa r t  of the object  

~m VmC m dVm 
av:mFv.m dt + Tm=T'~ 

when T m = T i with cons ide ra t ion  of the fact  that  the 
quant i t ies  Ti(0 ) and Ta(P) have been neglec ted .  Having 
d i f fe ren t ia ted  this  e x p r e s s i o n  and having c a r r i e d  out a 
Lap lace  t r ans fo rma t ion ,  we have 

(Tp -t- 1) V (p) = PTv(P); (9) 

6) the m e a s u r i n g  device  

t~,~.,~ (p) = k~; (10 )  

7) the de lay  link 

W~ (p) = exp [-- ~p]. (11) 

It follows f rom the s t r u c t u r a l  d i a g r a m  (Fig,  3) tha t  
the t r a n s f e r  function of the l i nea r  por t ion  of the con-  
t ro l  s y s t e m  can be wr i t t en  as  fol lows:  

~ ( p )  = lV, (p) l~v~ . (p) W~p. o (p) x 

x W~i,.o(p) ~.d.(P)  W~ (p). (12) 

Having subs t i tu ted  the values  of the t r a n s f e r  funct ions 
for  the s e p a r a t e  e l ements  of the s y s t e m  to the r i gh t -  
hand pa r t  of e x p r e s s i o n  (12), we obtain 

k 
W (p) = ~ exp [--  g Pl. (13) 

Cons ider ing  the spec i f ic  f e a t u r e s  of the r e l a y  e l e -  
ment  [2], we find that  the l i nea r  por t ion  of the s y s t e m  
is sub jec t  to r e c t a n g u l a r  pulses  of constant  ampl i tude  
whose sign, dura t ion ,  and r e l a t i v e  pos i t ion  a r e  func-  
tions both of the ex te rna l  effect  and of the s t a t e  of the 
l i nea r  por t ion  of the sys t em.  In the gene ra l  case ,  the 
p a r a m e t e r s  of the pulses  a r e  functions of the cont ro l  
s ignal  and of the th resho ld  values  of the r e l a y  e lement .  
The cont ro l  effect  is  constant  between the adjacent  
switching t i m e s  t k and tk+ t. 

With actuat ion of the r e l a y  on a t ta inment  of the 
ma x imum ra t e  of t e m p e r a t u r e  r i s e ,  the l i f t ing of the 
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Fig. 3. Control sys tem of heating ra te  control:  I) re lay  
e lement ;  II) e lec t romotor ;  III) regulat ing valve;  IV) 
f i r s t  par t  of object; V) second part  of object; VI) m e a -  

su r ing  device; VII) delay link. 

regula t ing  valve in the control  sys t em under  consid-  
era t ion ceases .  No provis ion  is made for r e v e r s e  
operat ion of the valve to avoid a delay in the heat ing 
t ime. In this connection, the stat ic  cha rac te r i s t i c  of" 
the re lay  e lement  in the sys tem under  cons idera t ion  
is descr ibed  by Eq. (5) ra the r  than by the equation 
y = krs ignx.  

For  the given re lay  e lement  we can wri te  the t r a n s -  
form of a control  effect of dura t ion  tk+ 1 - t k, beg in-  
ning with the instant  tk, as 

k~ ( exp[--ptkl--exp[p&+d ) 
T 2 + 

+(--l)~-p -kp ( exp [ -  ptk] -exp [ -  pt~+'] " 

The inve r se  t r an s fo rm  of the regulated quanti ty z(t) is 
given in the form of a sum of the components  

z (t) = z 1 (t) + z~ (t), (14) 

where  

z,(t)=kr[__~_h(t)+ ~ ( - - l ? h ( t - - & ) ]  ; (15) 

kp 
%(t) = ~ -  h(t). (16) 

F rom express ions  (14), (15), and (16)we obtain the 
f inal  value for  the control led quantity in expanded form:  

z ( t )  = 

krh (t) when 0 ~ t ~ tl, 

= Ikrh(t) -- krh(t--tx) when t l ~ t  ~ Q ,  (17) 
I (krh(t)--krh(t ix) + krh(t--t~)whent2~t~t3. 

It follows f rom express ion  (17) that to calculate  
z(t), i . e . ,  to const ruct  the t r ans i en t  response ,  it is 
necessa ry ,  f i r s t  of all, to calculate  the t ime charac -  
t e r i s t i c  of the l inear  port ion of the sys tem and to de te r -  
mine  the switching t imes t k. The calculat ion of the 
t ime cha rac te r i s t i c  h(t) of the l inear  port ion of the 
sys tem is possible  by analyt ical ,  graphical ,  and s i m i -  
lar  methods:  The switching t imes  t k which are  roots 
of the equation x(tk) = 0 a re  mos t  conveniently de t e r -  
mined graphical ly,  with the s imul taneous  cons t ruct ion  
of the t r ans i en t  r esponse  z(t). 

For  the sys tem under  considera t ion,  the t ime char -  
ac te r i s t i c  is calculated by means  of the expansion 
fo rmula  

P (0) ~-~ P (Pv) 
h (t) = - - ~  + 2, Q~ (pv) pv exp [pv tJ, 

where 
P (p) 

W ( p ) =  Q(p) . 
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Fig. 4. Curves of t r an s i e n t  p rocesses  in heating: 1)T = 2 rain; 
T = 17 rain; 2) 2 and 10; 3) 2 and 4. 



iOO IN ZHENERNO-FIZICHESKII ZHURNAL 

With introduction of the d imens ion less  magni tudes  of 
the instantaneous t ime t = t / T  and the t ime of pure 
delay ~- = ~-/T, the t ime charac te r i s t i c  h(t) a s sumes  
the form 

h(t)  -- K(1 --exp [-- ~ - -  ~)1}. (18) 

In cons t ruct ing  the t r ans i en t  responses  we employ 
the Tsypkin method [2]. 

F igure  4 shows the t r ans ien t  responses  constructed 
for the case in which the external  effect applied to the 
input of the re lay e lement  at the instant  t = 0changes 
in jumpwise fashion and then r ema ins  constant  and 
equal to unity, i . e . ,  f ( t )  = 1 w h e n t  -> 0. 

An examinat ion of the t r ans i en t  r e sponses  for va r i -  
ous values of the t ime constant  T is made neces sa ry  by 
the fact that the quantity T d iminishes  with increas ing  
t empera tu re  as a r e su l t  of the inc rease  in the heat -  
t r ans fe r  coefficient c%, m. The curves show that as T 
diminishes  the overregula t ion  of the quantity z ( t )grad-  
ually i nc reases ,  becoming more  than 4 t imes  as grea t  
when T = 4 rain. Thus, f rom the cons t ruct ion  of the 
t r ans i en t  responses  we see  the effect exerted on the 
dynamics  of the sys tem by the continuously varying  
t ime constant  T. 

It is easy to see that the overregula t ion will i nc rease  
even if the t ime T of pure delay inc reases  when T = 
= const, i . e . ,  with an inc rease  in the period of com- 
plete sweep of the scanning device.  Indeed, the g rea te r  
the scanning cycle, the longer the sys tem rema ins  
without the effect of negative feedback, i . e . ,  the 
p a r a m e t e r  being regulated is somewhat beyond control  
and at tains a correspondingly  g rea te r  magni tude du r -  
ing this period. In the genera ! case,  the overregula t ion 
in the sys tem is a function of the re la t ive  magnitude 
~- = ~-/T. 

The solut ion Of the r eve r s e  problem is of in te res t  
in the design of an automatic control  sys tem,  i, e,, the 
evaluation of the max imum possible  period between 
the ins tants  at which the m e a s u r e m e n t s  are  ca r r i ed  
out on the basis  of the specified ove r r egu l a t i onmagn i -  
rude. Therefore ,  we mus t  obtain an analyt ical  func-  
t ion re la t ing  the re la t ive  over regula t ion  n and the 
re la t ive  delay ~. 

As follows f rom the evaluat ion of the t r ans i en t  
responses ,  the f i r s t  max imum of overregula t ion  of the 
control led pa rame te r  occurs  at an instant  of t ime  de-  
fined as 

= 2 "~ 4- t-(~7_y) , (19) 

where t(~ _;) is the t ime dur ing which the control led 

pa rame te r ,  varying f rom zero, reaches  a value equal 
in magnitude to the external  effect (in our case,  f ( t )  = 
=1).  

On elapse of the delay t ime ~, the c o n t r o l l e d p a r a m -  
eter  va r ies  according to the law z(t) = krh(t) all the 
way to the ins tant  at which the f i r s t  over regula t ion  
max imum sets  in, and this always occurs  in the i n t e r -  
v a l t l  < t  <t2. 

With (18) and (19) we obtain 

= / ( I  1 - -  exp [ - -  ~l}. (20)  

The t ime tiz _ ~  , as we can see f rom the curves  of 

the t r ans i en t  responses ,  is constant  in all  cases ,  and 
therefor  e 

K {1 - -  exp [--7(T,_~I } = 1 

and 

-- K (21) 
tiT~__~) = l n  K - - 1  

Having subst i tuted the value of the t ime t~7,_~) 

into express ion  (20), by means  of s imple  t r a n s f o r m a -  
tions we find 

- -  K - -  1 ( 2 2 )  
= In K--~- ~ -  . 

The der ived fo rmula  re la tes  the re la t ive  delay in 
the sys tem with the re la t ive  overregula t ion  in the 
t r a n s i e n t  response .  By means  of this fo rmula  we 
de te rmine  the requi red  cycle for the complete sweep 
of the scanning device, given a known magnitude for 
the t ime constant  T in the case of a specified re la t ive  
over regula t ion  ~ in the sys tem,  and we also evaluate 
the poss ib le  overregula t ion  in the control  sys tem for 
the me ta l -hea t ing  process .  

The chosen control  sys tem for which the problem 
of evaluating the possible  overregula t ion  has been 
solved may be regarded as a typical  automatic  control  
sys tem since it exhibits a s imple  s t ruc tu ra l  d iagram 
and includes genera l ly  accepted uni ts  and links. 

NOTATION 

7m and 7i are  the specific weights of the meta l  and 
the insulat ion,  respect ively;  c m and c i a re  the specific 
heat capaci t ies  of the meta l  and the insulat ion;  Tv, T m, 
T i, and T a are  the t empera tu re s  of vapor,  metal ,  
insulat ion,  and sur rounding  air ,  respect ive ly ;  Fv, m, 
Fm, i, and Fi, a a re  the sur faces  with heat  flux f rom 
vapor to metal ,  f rom meta l  to insulat ion,  and f rom 
insula t ion  to sur rounding  air ,  respect ive ly ;  h i is the 
the rmal  conductivity coefficient of insulat ion;  5 i is the 
thickness  of the insulat ion;  av,  m and c~i, a are  the 
heat  t r ans fe r  coefficients f rom vapor to meta l  and 
f rom insula t ion  to a i r .  
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